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In this manuscript we present an error analysis for the discontinuous Galerkin discretization error of
multi-dimensional first-order linear symmetric hyperbolic systems of partial differential equations. We
perform a local error analysis by writing the local error as a series and showing that its leading term
can be expressed as a linear combination of Legendre polynomials of degree p and pþ 1. We apply these
asymptotic results and solve relatively small local problems to compute efficient and asymptotically
exact estimates of the finite element error. We present computational results for several linear hyperbolic
systems in one, two and three dimensions.
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1. Introduction

The discontinuous Galerkin (DG) finite element method was
first used to solve the neutron equation [27] and then studied
for initial-value problems for ordinary differential equations
[4,9,27,29,30]. Cockburn and Shu [15] extended the method to
solve first-order hyperbolic partial differential equations of conser-
vation laws. They also developed the Local Discontinuous Galerkin
(LDG) method for convection–diffusion problems [16]. Consult [14]
and the references cited therein for more information on DG
methods.

DG methods allow discontinuous bases, which simplify both h-
refinement (mesh refinement and coarsening) and p-refinement
(method order variation). However, for DG methods to be used in
an adaptive framework one needs a posteriori error estimates to
guide adaptivity and stop the refinement process. The solution
space consists of piecewise continuous polynomial functions rela-
tive to a structured or unstructured mesh. As such, it can sharply
capture solution discontinuities relative to the computational
mesh. It maintains local conservation on an elemental basis. The
success of the DG method is due to the following properties: (i)
does not require continuity across element boundaries, (ii) is lo-
cally conservative, (iii) is well suited to solve problems on locally
refined meshes with hanging nodes, (iv) exhibits strong supercon-
vergence that can be used to estimate the discretization error, (v)
has a simple communication pattern between elements with a
common face that makes it useful for parallel computation and
(vi) it can handle problems with complex geometries to high order.

A posteriori error estimates lie in the heart of every adaptive fi-
nite element algorithm for differential equations. They are used to
ll rights reserved.

: +1 540 231 5960.
assess the quality of numerical solutions and guide the adaptive
enrichment process where elements having high errors are en-
riched by h-refinement and/or p-refinement while elements with
small errors are h- and/or p-coarsened. Furthermore, error esti-
mates are used to stop the adaptive refinement process. The sub-
ject has been active for the last 40 years and has attained a
certain level of maturity for diffusive problems [8,33]. Developing
accurate and robust a posteriori error estimates for hyperbolic
problems remains a challenge. An a posteriori error analysis for
convection and convection-dominated convection–diffusion prob-
lems was presented by Johnson and his collaborators [21–23].
More recently, Süli and his collaborators [19,31,32] investigated lo-
cal and transmitted errors as well as goal-oriented estimates for
several numerical methods applied to hyperbolic problems.

However, a posteriori error estimation is much less developed
for DG methods applied to hyperbolic problems. Several a posteriori
DG error estimates are known for hyperbolic [12,13,18,26] and dif-
fusive [20,28] problems. The first asymptotically correct a posteri-
ori error estimates for hyperbolic problems were developed by
Adjerid et al. [4] who constructed the first superconvergence-based
a posteriori DG error estimates for one-dimensional linear and non-
linear hyperbolic problems. Later, Adjerid and Massey [6,7]
showed how to construct accurate error estimates for multi-
dimensional problems on rectangular meshes where they showed
that the leading term of error is spanned by two ðpþ 1Þ-degree
Radau polynomials in the x and y directions, respectively. Krivodo-
nova and Flaherty [25] showed that the leading term of the local
discretization error on triangles having one outflow edge is
spanned by a suboptimal set of orthogonal polynomials of degree
p and pþ 1 and computed DG error estimates by solving local
problems involving numerical fluxes, thus requiring information
from neighboring inflow elements. Adjerid and Baccouch [2,3]
investigated DG methods on structured and unstructured
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triangular meshes with several finite element spaces to discover
new superconvergence properties and compute accurate error esti-
mates. LDG methods for diffusion problems were investigated by
Adjerid and Klauser [5] who constructed efficient and accurate a
posteriori error estimates.

Superconvergence properties for DG methods have been stud-
ied in [4,17,24,27] for first-order ordinary differential equations,
[4,6,7] for hyperbolic problems and [5,10,11] for diffusion and con-
vection–diffusion problems.

In this manuscript we investigate the superconvergence proper-
ties and asymptotically exact estimates of the DG discretization er-
ror for first-order linear symmetric hyperbolic systems. We
explicitly write down the leading term of the local DG error which
is spanned by Legendre polynomials of degree p and pþ 1 when
pth-degree polynomial spaces are used. For special hyperbolic sys-
tems where the coefficient matrices are nonsingular we show that
the leading term of the error is spanned by ðpþ 1Þth-degree Radau
polynomials. We develop an efficient error estimation procedure
by solving local finite element problems to compute estimates of
the leading term of the error. For smooth solutions we obtain error
estimates that converge to the true error under mesh refinement.

This manuscript is organized as follows, In Section 2 we present
the problem and its discontinuous Galerkin formulation. In Section
3 we present an error analysis and establish an asymptotic expan-
sion of the local discretization error. In Section 4 we present new
superconvergence results and construct an a posteriori error esti-
mation procedure. In Section 5 we present several computational
results for one-, two- and three-dimensional hyperbolic systems
that validate our theory. We conclude with a few remarks and a
discussion of our results in Section 6.

2. Discontinuous Galerkin formulation

In this section we introduce a Runge–Kutta discontinuous
Galerkin (RKDG) method applied to first-order symmetric linear
hyperbolic systems in multiple space dimensions. Let
uðt;xÞ : ½0; T� � Rd ! Rm be the true solution of the linear hyper-
bolic system

ut þ
Xd

i¼1

Aiu;xi
¼ fðt; xÞ; 0 < t 6 T; x 2 X ¼ ð0;1Þd; d ¼ 1;2;3

ð2:1aÞ

subject to the initial and boundary conditions

uð0;xÞ ¼ u0ðxÞ 8 x 2 X; ð2:1bÞ
uðt;xÞ ¼ uBðt; xÞ 8 x 2 @X; t 2 ½0; T�; ð2:1cÞ

where Ai; i ¼ 1; . . . ;d, are m�m symmetric real matrices. The
boundary of X is denoted by @X and u;t and u;xi

, respectively, denote
the partial derivatives of u with respect to t and xi. We select f, the
initial conditions u0 and the boundary conditions uB such that
uðt;xÞ lies in the space Cpþ2 ¼ ½C2ð½0; T�; Cpþ2ðXÞÞ�m where

C2ð½0; T�; Cpþ2ðXÞÞ

¼ v; j @
kvðt;xÞ
@tk

2 Cpþ2ðXÞ; k ¼ 0;1;2; 0 < t 6 T

( )
: ð2:2Þ

The results presented in this manuscript hold for one, two and three
space dimensions, however, here we present an error analysis for
two-dimensional problems, i.e., d ¼ 2, and present computational
results for one-, two- and three-dimensional hyperbolic systems.

In order to discretize (2.1) we partition the domain X ¼ ð0;1Þ2

into a uniform mesh consisting of N2 square elements of size
h ¼ 1=N defined as

Th ¼ fxij ¼ ðih; ðiþ 1ÞhÞ � ðjh; ðjþ 1ÞhÞ : 0 6 i; j < N � 1g: ð2:3Þ
In our analysis we use the polynomial spaces

Pp ¼ fv : vðxÞ ¼
X

i;j

cijxi
1xj

2; cij 2 Rm; 0 6 iþ j 6 pg; ð2:4Þ

Pp ¼ fv : vðxÞ ¼
X

i;j

cijxi
1xj

2; cij 2 Rm; 6 i; j 6 p;

0 6 iþ j 6 pþ 1g ð2:5Þ

and the finite element space

Vp ¼ fvh : vhjx 2 Pp; x 2Thg: ð2:6Þ

Let @xij and m, respectively, denote the boundary of element xij and
its unit outward normal vector. Since vh 2Vp may be discontinu-
ous across element boundaries, we define

vþh ðxÞ ¼ lim
�!0þ

vhðx� �mÞ; v�h ðxÞ ¼ lim
�!0þ

vhðxþ �mÞ for x 2 @xij:

ð2:7Þ

The weak discontinuous Galerkin formulation of (2.1) is obtained by
multiplying (2.1a) by a test function v, integrating over xij 2Th

and applying Green’s identity to writeZZ
xij

ðvtu;t � vt
;x1

A1u� vt
;x2

A2u� vtfÞdx

þ
Z
@xij

vtðm1A1 þ m2A2Þuds ¼ 0: ð2:8Þ

We obtain a discrete discontinuous Galerkin finite element formu-
lation of (2.8) by setting u ¼ uh 2Vp, testing against vh 2Vp and
selecting a numerical flux to approximate the boundary integral
term on @xij.

Since the matrices A1;A2 are symmetric, they are diagonaliz-
able. Thus, for instance, the matrix A1 can be factored as

A1 ¼ P1DPt
1; P1 ¼ ½P1;1;P1;2�; P1;1 ¼ ½v1; . . . vr�;

P1;2 ¼ ½vrþ1 . . . ;vm�; D ¼
K 0
0 0

� �
; ð2:9aÞ

where P1 is the matrix of orthogonal eigenvectors of A1. We further
assume that A1 is of rank r, i.e., it has r nonzero real eigenvalues or-
dered as k1 P � � �P kk > 0 > kkþ1 P � � �P kr ; krþ1 ¼ � � � km ¼ 0.

Let us split the r � r diagonal matrix containing the nonzero
eigenvalues of A1 as K ¼ Kþ þ K� where

Kþ ¼ diagðk1; . . . ;kk;0; . . . ;0Þ and K� ¼ diagð0; . . . ;0;kkþ1; . . . ;krÞ:
ð2:9bÞ

Thus, A1 can be split as

A1 ¼ Aþ1 þ A�1 ; Aþ1 ¼ P1DþPt
1; A�1 ¼ P1D�Pt

1; D� ¼ K� 0
0 0

" #
:

ð2:10Þ

Therefore Ai; i ¼ 1; 2; may be split into a sum of two semidefinite
matrices as

Ai ¼ Aþi þ A�i ; where Aþi P 0 and A�i 6 0: ð2:11Þ

Assume that uh ¼ uþh is the limit from element x and u� is the limit
from the neighboring element x� 2Th sharing one edge in @x. In
our analysis we need the following functions

signðxÞ ¼
þ if x P 0
� if x < 0;

�
ð2:12Þ

which is different from the standard signum function defined as

sgnðxÞ ¼
1 if x > 0
0 if x ¼ 0
�1 otherwise:

8><>: ð2:13Þ



Fig. 1. The reference element D ¼ ½0;1�2 with boundary and outer normal unit
vectors.
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In our analysis we also need the signum sgnðAÞ of a symmetric ma-
trix A given in the following definition:

Definition 1. Let A, for instance, be a symmetric square matrix
such that A ¼ PDPt , where D ¼ diagðk1; . . . ; kmÞ and P is the
associated matrix of eigenvectors. Thus, we define its sign matrix
as

sgnðAÞ ¼ P sgnðDÞ Pt; ð2:14Þ

where sgnðDÞ ¼ diagðsgnðk1Þ; . . . ; sgnðkmÞÞ

Now we are ready to define the upwind flux Aðu�h ;uþh Þ on @xij

as

Aðu�h ;uþh Þ ¼ ðm1Al1
1 þ m2Al2

2 Þuþh þ ðm1A�l1
1 þ m2A�l2

2 Þu�h 8 x 2 @xij;

ð2:15Þ

where li and �li, respectively, denote signðmiÞ and signð�mÞ.
The discontinuous Galerkin method consists of finding uh 2Vp

such that on each element xij 2ThZZ
xij

½vt
huh;t � vt

h;x1
A1uh � vt

h;x2
A2uh � vt

hf�dx

þ
Z
@xij

vt
hðm1Al1

1 þ m2Al2
2 Þuh þ vt

hðm1A�l1
1 þ m2A�l2

2 Þu�h ds ¼ 0

8 vh 2 Pp; ð2:16Þ

where we used uþh j@xij
¼ uhj@xij

.
Applying Green’s theorem we obtain the equivalent DG formu-

lation which consists of finding uh 2Vp such thatZZ
xij

vt
hðuh;t þ A1uh;x1 þ A2uh;x2 � fÞdx

þ
Z
@xij

vt
hðm1A�l1

1 þ m2A�l2
2 Þðu�h � uhÞds ¼ 0 8 vh 2 Pp: ð2:17Þ

We will approximate the initial and boundary conditions u0 and uB

by functions in Vp to compute initial values for the resulting time-
dependent ODE system.

For the purpose of analyzing the behavior of the spatial discret-
ization error, we assume the integration in time to be exact. In our
numerical experiments of Section 5, we use a temporal error toler-
ance much smaller than the spatial error tolerance by applying a
high-order Runge–Kutta method to solve the resulting ODE
system.

3. Local error analysis

In our error analysis we need Legendre polynomials defined, for
instance, by Rodrigues formula [1]

eLpðxÞ ¼
1

2pp!

dp

dxp ½ðx2 � 1Þp�; �1 6 x 6 1; p ¼ 0;1; . . . :

ð3:1aÞ

The shifted pth-degree Legendre polynomials on [0,1] denoted by
LpðnÞ; 0 6 n 6 1; p ¼ 0;1; . . . are orthogonal to all polynomials of de-
gree not exceeding p� 1 and satisfy the following propertiesZ 1

0
LpðnÞL0pþ1ðnÞdn ¼ 2;

Z 1

0
LkðnÞLjðnÞdn ¼ djk

2jþ 1
; ð3:1bÞ

where djk is the Kronecker delta equal to 1 if j ¼ k and 0 otherwise.
We also need the pth-degree right Radau polynomial and left

Radau polynomial, respectively, defined by Rþp ðnÞ ¼ LpðnÞ � Lp�1ðnÞ
and R�p ðnÞ ¼ LpðnÞ þ Lp�1ðnÞ.
In the remainder of this manuscript we present a local error
analysis on the element x ¼ ð0;hÞ2 mapped to the reference ele-
ment D ¼ ð0;1Þ2 shown in Fig. 1. Let C ¼ @D denote the boundary
of D which can be split into C ¼ C1 [ C2 where C1 ¼ C�1 [ Cþ1 ;

C2 ¼ C�2 [ Cþ2 such that C�1 and Cþ1 , respectively, denote the left
and right edges of D, while C�2 and Cþ2 , respectively, denote the bot-
tom and top edges of D shown in Fig. 1.

Let the affine transformation from D onto x be xðnÞ ¼ ðhn1;hn2Þ;
and

@x ¼ cþ1 [ c�1 [ cþ2 [ c�2 ; ð3:2Þ

where cs
i ¼ xðCs

i Þ; s ¼ þ;�; i ¼ 1;2. For instance, cþ1 ¼ fðh; yÞ; 0 <
y < hg.

In order to approximate the initial and boundary conditions by
functions in Pp on every element and its boundary edges such that
the resulting approximation error is consistent with the discontin-
uous Galerkin discretization error presented in Theorem 3.1, we
define few special approximation operators.

First, let w 2 ½Cpþ2ð½0;h�2Þ�m and consider its ðpþ 1Þth-degree
Taylor polynomial about x ¼ 0

Tpþ1wðxÞ ¼
X
jaj6pþ1

Dawð0Þ
a!

xa; ð3:3aÞ

where a ¼ ða1;a2Þ is a multi-index with jaj ¼ a1 þ a2;a! ¼
a1!a2!;xa ¼ xa1

1 xa2
2 and the differential operator Da ¼ @jaj

@x
a1
1 @x

a2
2

.

If apþ1 denotes the coefficient of npþ1 in Lpþ1ðnÞ, then we consider
the approximation operator p : ½Cpþ2ð½0;h�2Þ�m ! Pp defined as

pwðxÞ ¼ Tpþ1wðxÞ � hpþ1
X2

j¼1

Lpþ1
xj

h

� �
cj � Lp

xj

h

� �
dj

� �
; ð3:3bÞ

where

cj ¼
1

apþ1

1
ðpþ 1Þ!

@pþ1wð0Þ
@xpþ1

j

and dj ¼ sgnðAjÞcj; j ¼ 1;2:

ð3:3cÞ

We approximate the boundary conditions on C1 using

p1wða; x2Þ ¼
Xpþ1

k¼0

Dð0;kÞwð0;0Þ
k!

xk
2

� hpþ1 Lpþ1
x2

h

� �
c2 � Lp

x2

h

� �
d2

� �
; 0 6 x2 6 h;

ð3:4aÞ



3116 S. Adjerid, T. Weinhart / Comput. Methods Appl. Mech. Engrg. 198 (2009) 3113–3129
where a ¼ 0 for c�1 and a ¼ h for cþ1 .
On c2 we apply

p2wðx1; bÞ ¼
Xpþ1

k¼0

Dðk;0Þwð0; 0Þ
k!

xk
1 � hpþ1 Lpþ1

x1

h

� �
c1 � Lp

x1

h

� �
d1

� �
;

0 6 x1 6 h; ð3:4bÞ

where b ¼ 0 for c�2 and b ¼ h for cþ2 .
We note that the coefficients cj and dj in the boundary opera-

tors p1 and p2 satisfy the conditions (3.3c).
Now we are ready to state and prove several preliminary

lemmas.

Lemma 3.1. Let x ¼ ð0;hÞ2;wðxÞ 2 Cpþ2ð �xÞ and x : D! x be the
linear mapping x ¼ hn. Let pw 2 Pp on x and piw 2 Pp on the
boundary cþi [ c�i ; i ¼ 1;2, defined by (3.3) and (3.4), respectively.
Then there exists a positive constant C independent of h such that the
l2 norm of the interpolation errors can be bounded as

sup
n2D
kwðxðnÞÞ � pwðxðnÞÞ � hpþ1

X2

j¼1

ðLpþ1ðnjÞcj � LpðnjÞdjÞk2

6 Chpþ2
; ð3:5Þ

sup
n2C1

kwðxðnÞÞ � p1wðxðnÞÞ � hpþ1ðLpþ1ðn2Þc2 � Lpðn2Þd2Þk2

6 Chpþ2
; ð3:6Þ

sup
n2C2

kwðxðnÞÞ � p2wðxðnÞÞ � hpþ1ðLpþ1ðn1Þc1 � Lpðn1Þd1Þk2

6 Chpþ2
; ð3:7Þ

where ci and di satisfy

Aþi ci ¼ Aþi di and A�i ci ¼ �A�i di: ð3:8Þ

Proof. Applying Taylor’s theorem to w 2 ½Cpþ2ð½0;h�2Þ�m yields

wðxÞ ¼ Tpþ1wðxÞ þ
X
jaj¼pþ2

RaðxÞxa; ð3:9Þ

where the remainder can be bounded on �x ¼ ½0;h�2 as

kwðxÞ � Tpþ1wðxÞk2 ¼
X
jaj¼pþ2

RaðxÞxa

�����
�����

2

6

X
jaj¼pþ2

RaðxÞk k2hpþ2
6 Chpþ2

: ð3:10Þ

From the definition of pw in Eq. (3.3) we observe that

wðxðnÞÞ � pwðxðnÞÞ � hpþ1
X2

j¼1

ðLpþ1ðnjÞcj � LpðnjÞdjÞ

¼ wðxÞ � Tpþ1wðxÞ: ð3:11Þ

Combining (3.9), (3.10) and (3.11) we establish (3.5).
Finally, following the same line of reasoning we establish (3.6)

and (3.7) which concludes the proof. h

The approximation pw defined in (3.3) is only used for the anal-
ysis. In practice we use a corrected L2 projection onto Ppþ1 consis-
tent with the discontinuous Galerkin approximation.

If ~pw is the L2 projection of w onto Ppþ1 we define on D

pw ¼ ~pw� ðLpþ1ðn1Þ � sgnðA1ÞLpðn1ÞÞcpþ1;0 � ðLpþ1ðn2Þ
� sgnðA2ÞLpðn2ÞÞc0;pþ1; ð3:12aÞ

where

~pw ¼
X

06iþj6pþ1

ci;jLiðniÞLjðnjÞ; ci;j ¼
R

D wðnÞLiðniÞLjðnjÞdnR
D LiðniÞ2LjðnjÞ2dn

: ð3:12bÞ
In our numerical experiments we also use the L2 projection Pw of w
onto Pp. Using the set of orthogonal functions fwijðn1; n2Þ ¼
Liðn1ÞLjðn2Þ; 0 6 i; j 6 p; 0 6 iþ j 6 pþ 1g;Pw may be defined as

PwðxðnÞÞ ¼
X

06i;j6p
06iþj6pþ1

R R
DwðxðnÞÞwi;jðn1; n2ÞdnR R

Dw2
ijðn1; n2Þdn

wijðn1; n2Þ: ð3:13Þ

Noting that Pp #Pp, we have the standard a priori bound

sup
x2x
kwðxÞ �PwðxÞk2 6 Chpþ1

: ð3:14Þ

For j ¼ 1;2, let j0 denote the dual of j defined as

j0 ¼
2 if j ¼ 1;
1 if j ¼ 2:

�
ð3:15Þ

Let NðAÞ and RðAÞ, respectively, denote and the null space and
range of A.

In the next lemma we prove a linear algebra result needed in
our error analysis.

Lemma 3.2. Let A1 and A2 be symmetric matrices such that the
m� ðm� rÞ matrix Pj;2; j ¼ 1;2; denotes the matrix of all ðm� rÞ
orthogonal eigenvectors associated with the zero eigenvalue of Aj. If
the matrices A1 and A2 satisfy either of the following assumptions

1. Aj is invertible for j ¼ 1 or j ¼ 2,
2. NðPt

j;2Aj0Pj;2Þ ¼ f0g for j ¼ 1 or j ¼ 2,

then NðA1Þ
T
NðA2Þ ¼ f0g.

Proof. If either A1 or A2 is invertible, the proof is straight forward.
Now, let us prove the lemma if one of the remaining conditions

are satisfied. Without loss of generality, we assume j ¼ 1 and let q
be an arbitrary vector in NðA1Þ

T
NðA2Þ. Thus, A1q ¼ 0 and

A2q ¼ 0 which are equivalent to

Pt
1A1P1w ¼

K 0
0 0

� 	
w ¼ 0 and Pt

1A2P1w ¼ 0; ð3:16Þ

where w ¼ Pt
1q with P1 ¼ ½P1;1; P1;2� containing the eigenvectors of

A1.
Thus, if we split w as w ¼ w1

w2

� �
, where w1 2 Rr , then Kw1 ¼ 0

yields w1 ¼ 0.
On the other-hand Pt

1A2P1w ¼ 0 yields Pt
1;2A2P1;2w2 ¼ 0 which,

in turns, leads to w2 ¼ 0. Therefore, w ¼ q ¼ 0.

Here we note that the converse of the previous lemma is not
true.

Lemma 3.3. Let A1 and A2 be symmetric matrices satisfying one of
the assumptions of Lemma 3.2 and let m ¼ ðm1; m2Þt denote the unit
normal vector to the square D ¼ ½0;1�2.If q 2 Pp satisfiesZZ

D
vtðA1q;n1

þA2q;n2
Þdn�

Z
C
vtðm1A�l1

1 þ m2A�l2
2 Þqds¼ 0 8 v 2Pp

ð3:17Þ

then, q ¼ 0 on D.

Proof. The proof follows the same line of reasoning for all possible
cases. Here, we present the proof for assumption 2 of Lemma 3.2
with j ¼ 1 only.

First we integrate (3.17) by parts to obtain

�
ZZ

D
ðvt

;n1
A1 þ vt

;n2
A2Þqdnþ

Z
C

vtðm1Al1
1 þ m2Al2

2 Þqds ¼ 0: ð3:18Þ

Adding (3.17) and (3.18) and testing against v ¼ q we note that by
the symmetry of A1 and A2, the double integrals on D cancel out.
Thus, q satisfies
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Z
C1

qtm1ðAl1
1 � A�l1

1 Þqdsþ
Z

C2

qtm2ðAl2
2 � A�l2

2 Þqds

¼
Z

C1

qtðAþ1 � A�1 Þqdsþ
Z

C2

qtðAþ2 � A�2 Þqds ¼ 0: ð3:19Þ

Since ðAþi � A�i Þ is symmetric positive semi-definite it admits a
Cholesky factorization ðAþi � A�i Þ ¼ Lt

i Li. Thus, (3.19) can be written
asZ

C1

kL1qk2
2 dsþ

Z
C2

kL2qk2
2 ds ¼ 0: ð3:20Þ

Thus, Liq ¼ 0 on Ci which yields

Lt
i ðLiqÞ ¼ ðAþi � A�i Þq ¼ 0 on Ci; i ¼ 1;2: ð3:21Þ

Since NðAþi � A�i Þ ¼NðAþi þ A�i Þ, (3.21) leads to ðAþi þ A�i ÞqjCi
¼

0; i ¼ 1; 2. Thus, one can easily show that

A�i qjCi
¼ 0; i ¼ 1;2: ð3:22Þ

Testing against v ¼ A1q;n1
þ A2q;n2

in (3.17) and combining the
resulting equation with (3.22) lead toZZ

D
kA1qn1

þ A2qn2
k2

2 dn ¼ 0; ð3:23Þ

which in turn yields

A1qn1
þ A2qn2

¼ 0 8 n 2 D: ð3:24Þ

Next, we let

B1 ¼ Pt
1A1P1 ¼

K 0
0 0

� �
and B2 ¼ Pt

1A2P1 ¼
B11 B12

B21 B22

� �
;

ð3:25Þ

where P1 ¼ ½P1;1;P1;2� and Bij ¼ Pt
1;iA2P1;j; i; j ¼ 1;2:

Applying A1qjC1
¼ 0 we write

B1wjC1
¼ Kw1jC1

¼ 0; ð3:26Þ

where w ¼ Ptq ¼ ðw1;w2Þt . This establishes w1jC1
¼ 0.

On the other-hand A2qjC2
¼ 0 leads to

B2wjC2
¼ 0; ð3:27Þ

which can be split as

ðB11w1 þ B12w2ÞjC2
¼ 0; ð3:28aÞ

ðB21w1 þ B22w2ÞjC2
¼ 0: ð3:28bÞ

Pre-multiplying (3.24) by Pt yields

Kw1;n1 þ B11w1;n2 þ B12w2;n2 ¼ 0; ð3:29aÞ
B21w1;n2 þ B22w2;n2 ¼ 0 8 n 2 D: ð3:29bÞ

Since B22 is invertible, we can express w2;n2 as

w2;n2 ¼ �B�1
22 B21w1;n2 ; ð3:30aÞ

which leads to

Kw1;n1 þ ðB11 � B12B�1
22 B21Þw1;n2 ¼ 0 8 n 2 D: ð3:30bÞ

Combining the fact that w1jC1
¼ 0 and (3.30b) we establish that

@kw1

@nl
1@n

k�l
2

¼ 0 8 n 2 D; k P 0; l ¼ 0; � � � ; k: ð3:31Þ

Since w1 is a polynomial, w1 ¼ 0.
Combining (3.28b) and (3.30a) we establish that w2jD ¼ 0. Thus,

q ¼ 0 8 n 2 D. which completes the proof of the lemma. h

Now we are ready to state the main theorem for the local spatial
discretization error.
Theorem 3.1. Let Ai; i ¼ 1;2; be symmetric matrices satisfying the
conditions of Lemma 3.3 and let u 2 Cpþ2 and uh 2 Pp be the
solutions of (2.1) and (2.17), respectively, on x ¼ ð0;hÞ2. Here uh is
computed by approximating the boundary conditions as

u�h ðt; xÞ ¼ piuBðt;xÞ; t > 0; x 2 cþi [ c�i ; i ¼ 1;2 ð3:32Þ

and use initial conditions as either pu0 or Pu0. Then, the local finite
element error on x for t ¼ Oð1Þ and p > 0 can be written as

eðt;hnÞ ¼ uðt;hnÞ � uhðt; hnÞ

¼ hpþ1
X2

j¼1

ðLpþ1ðnjÞcjðtÞ � LpðnjÞdjðtÞÞ þ Oðhpþ2Þ; ð3:33aÞ

where

Aþi ciðtÞ � Aþi diðtÞ ¼ 0 A�i ciðtÞ þ A�i diðtÞ ¼ 0; i ¼ 1;2: ð3:33bÞ

Proof. Subtracting the weak DG formulation (2.17) from (2.1a),
the local discretization error e ¼ u� uh satisfies the DG orthogo-
nality conditionZZ

x
vtðe;t þ A1e;x1 þ A2e;x2 Þdxþ

Z
@x

vtðm1A�l1
1 þ m2A�l2

2 Þðe� � eÞds

¼ 0 8 v 2 Pp: ð3:34Þ

Apply the scalings s ¼ t
T and n ¼ x

h to write êðs; nÞ ¼ eðTs;hnÞ to
obtainZZ

D
vt h

T
ê;s þ A1ê;n1 þ A2ê;n2

� 	
dnþ

Z
C

vtðm1A�l1
1 þ m2A�l2

2 Þðê� � êÞds

¼ 0 8 v 2 Pp: ð3:35Þ

In order to investigate the asymptotic behavior of the local error, we
start by writing the Maclaurin series of ê with respect to the mesh
parameter h as

êðs; nÞ ¼
Xpþ1

k¼0

hkqkðs; nÞ þ Oðhpþ2Þ; ð3:36Þ

where

qkðs; nÞ ¼
1
k!

dkðu� uhÞðsT; nh;hÞ
dhk







h¼0

: ð3:37Þ

We used the fact that uhðt; x;hÞ is a function of t;x and h.
Next, from the definition of piuB in Lemma 3.1, ê� satisfies

ê�ðs; nÞ ¼ ðuB � p1uBÞðs; nÞ ¼ r2ðs; n2Þhpþ1 þ Oðhpþ2Þ for n 2 C1;

ð3:38aÞ
ê�ðs; nÞ ¼ ðuB � p2uBÞðs; nÞ ¼ r1ðs; n1Þhpþ1 þ Oðhpþ2Þ for n 2 C2;

ð3:38bÞ

where

riðs; niÞ ¼ Lpþ1ðniÞĉiðsÞ � LpðniÞd̂iðsÞ ð3:38cÞ

with

ĉiðsÞ ¼ ciðtÞjt¼sT ¼
1

apþ1

1
ðpþ 1Þ!

@pþ1

@xpþ1
i

uðt;0Þ







t¼sT

; ð3:38dÞ

Aþi ĉiðsÞ � Aþi d̂iðsÞ ¼ 0 and A�i ĉiðsÞ þ A�i d̂iðsÞ ¼ 0: ð3:38eÞ

Substituting (3.36), (3.38a) and (3.38b) in (3.35) yields

Xpþ1

k¼0

hk
ZZ

D
vt h

T
qk;s þ A1qk;n1

þ A2qk;n2

� 	
dn�

Z
C

vtðm1A�l1
1 þ m2A�l2

2 Þqk ds

¼ �hpþ1
Z

C1

vtm1A�l1
1 r2 dsþ

Z
C2

vtm2A�l2
2 r1 ds

� 	
þ Oðhpþ2Þ: ð3:39Þ
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Now, we will use induction to prove that qk ¼ 0; k ¼ 0;1; . . . ;p by
first assuming that T ¼ Oð1Þ and setting to zero all terms having
the same power of h. Thus, the Oð1Þ term q0 satisfies the orthogo-
nality conditionZZ

D
vtðA1q0;n1

þ A2q0;n2
Þdn�

Z
C

vtðm1A�l1
1 þ m2A�l2

2 Þq0 ds

¼ 0 8 v 2 Pp: ð3:40Þ

By Lemma 3.3, q0 ¼ 0.
Now assume that qj ¼ 0; j ¼ 0;1; . . . ; k� 1 < p. Thus, the OðhkÞ

term is written asZZ
D
vtðA1qk;n1

þ A2qk;n2
Þdn�

Z
C

vtðm1A�l1
1 þ m2A�l2

2 Þqk ds

¼ 0 8 v 2 Pp: ð3:41Þ

By Lemma 3.3, qk ¼ 0 on D. Thus, by induction, qk ¼ 0; k ¼ 0; . . . ;p.
The Oðhpþ1Þ term satisfies the orthogonality conditionZZ
D
vtðA1qpþ1;n1

þ A2qpþ1;n2
Þdn

¼
Z

C1

vtm1A�l1
1 ðqpþ1 � r2Þdsþ

Z
C2

vtm2A�l2
2 ðqpþ1 � r1Þds: ð3:42Þ

By Eq. (3.36),

qpþ1ðs; nÞ ¼
1

ðpþ 1Þ!
dpþ1ðu� uhÞðsT; nhÞ

dhpþ1







h¼0

ð3:43Þ

¼
X
jaj¼pþ1

1
a!

Daðu� uhÞðsT; 0Þna ð3:44Þ

¼
X2

i¼1

1
ðpþ 1Þ!

@pþ1

@xpþ1
i

ðu� uhÞðsT;0Þnpþ1
i þ p1ðs; nÞ; ð3:45Þ

where, for a fixed s;p1ðs; nÞ 2 Pp. By Eq. (3.38c)X2

i¼1

riðs; niÞ ¼
X2

i¼1

ðLpþ1ðniÞĉi � LpðniÞd̂iÞ ð3:46Þ

¼
X2

i¼1

1
ðpþ 1Þ!

@pþ1

@xpþ1
i

uðsT;0Þnpþ1
i þ p2ðs; nÞ; ð3:47Þ

where p2 2 Pp. We further note that since uh 2 Pp;
@pþ1uh

@xpþ1
i

¼ 0, which
in turn leads to

qpþ1ðs; nÞ � r1ðs; n1Þ � r2ðs; n2Þ ¼ p1ðs; nÞ � p2ðs; nÞ ¼ pðs; nÞ 2 Pp:

ð3:48Þ

Noting that r2 is independent of n1 and r1 is independent of n2, solv-
ing (3.48) for qpþ1 and substituting into (3.42) yieldsZZ

D
vtðA1ðpþ r1Þ;n1

þ A2ðpþ r2Þ;n2
Þdn

¼
Z

C1

vtm1A�l1
1 ðpþ r1Þdsþ

Z
C2

vtm2A�l2
2 ðpþ r2Þds 8 v 2 Pp:

ð3:49Þ

Integrating
RR

DvtðA1r1;n1 þ A2r2;n2 Þdn by parts, (3.49) becomesZZ
D
vtðA1p;n1

þA2p;n2
Þdn�

ZZ
D
vt
;n1

A1r1 þ vt
;n2

A2r2 dn

¼
Z

C1

vtm1ðA
�l1
1 p�Al1

1 r1Þdsþ
Z

C2

vtm2ðA
�l2
2 p�Al2

2 r2Þds 8 v 2Pp:

ð3:50Þ

Since riðs; niÞ ¼ Lpþ1ðniÞĉiðsÞ � LpðniÞd̂iðsÞ, by the orthogonality of
Legendre polynomials we have
ZZ
D
vt
;n1

A1r1 þ vt
;n2

A2r2 dn ¼ 0 8 v 2 Pp: ð3:51Þ

Using (3.38c), (3.38e), Lpð0Þ ¼ ð�1Þp and Lpð1Þ ¼ 1, we further show
that

Aþi riðs;1Þ ¼ Aþi ðLpþ1ð1ÞĉiðsÞ � Lpð1Þd̂iðsÞÞ
¼ Aþi ĉiðsÞ � Aþi d̂iðsÞ ¼ 0; ð3:52aÞ

A�i riðs; 0Þ ¼ A�i ðLpþ1ð0ÞĉiðsÞ � Lpð0Þd̂iðsÞÞ
¼ ð�1ÞpðA�i ĉiðsÞ þ A�i d̂iðsÞÞ ¼ 0: ð3:52bÞ

Thus, we have established that

Ali
i ri




Ci
¼ 0; i ¼ 1;2: ð3:53Þ

Combining (3.51) and (3.53) with the orthogonality condition (3.50)
leads toZZ

D
vtðA1p;n1

þ A2p;n2
Þdn ¼

Z
C

vtðm1A�l1
1 þ m2A�l2

2 Þpds 8 v 2 Pp:

ð3:54Þ

By Lemma 3.3, p ¼ 0 on D, which, when combined with (3.48),
yields

qpþ1ðs; nÞ ¼ r1ðs; n1Þ þ r2ðs; n2Þ: ð3:55Þ

This completes the proof. h

Corollary 3.1. Under the conditions of Theorem 3.1 with both A1 and
A2 invertible matrices, then the local DG error can be written as

eðt; hnÞ ¼ hpþ1
X2

j¼1

ðMjR
þ
pþ1ðnjÞ þ ðMj � IÞR�pþ1ðnjÞÞdj

" #
þ Oðhpþ2Þ;

ð3:56Þ

where

Mj ¼
1
2
ðIþ sgnðAjÞÞ; j ¼ 1;2: ð3:57Þ

Moreover, if, for instance, only A1 is invertible, then the error can be
written as

eðt; hnÞ ¼ hpþ1½ðM1Rþpþ1ðn1Þ þ ðM1 � IÞR�pþ1ðn1ÞÞd1

þ Lpþ1ðn2Þc2ðtÞ þ Lpðn2Þd2ðtÞ� þ Oðhpþ2Þ; ð3:58Þ

where c2 and d2 satisfy (3.33b).

Proof. We prove the theorem when A1 and A2 are invertible. The
proof for the other cases is similar and we will be omitted.

Combining (3.33b) we obtain

Aici ¼ ðAþi � A�i Þdi; i ¼ 1;2; ð3:59Þ

which can be written as

ci ¼ A�1
i ðA

þ
i � A�i Þdi; i ¼ 1;2: ð3:60Þ

Using Ai ¼ PiKiP
t
i yields

ci ¼ ðPiK
�1
i Pt

i PijKijPt
i Þdi ¼ PisgnðKÞPt

i di ¼ sgnðAiÞdi; i ¼ 1;2:

ð3:61Þ

Substituting the previous expression into (3.33a) we obtain

eðt; hnÞ ¼ hpþ1
X2

j¼1

ðLpþ1ðnjÞsgnðAjÞdjðtÞ � LpðnjÞdjðtÞÞ þ Oðhpþ2Þ;

ð3:62Þ
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which can be written as

eðt;hnÞ ¼ hpþ1
X2

j¼1

ðLpþ1ðnjÞ � LpðnjÞÞ
I þ sgnðAjÞ

2

� ��
þðLpþ1ðnjÞ þ LpðnjÞÞ

�I þ sgnðAjÞ
2

� �	
dj þ Oðhpþ2Þ: ð3:63Þ

This completes the proof. h
4. Superconvergence and a posteriori error analysis

In this section we investigate pointwise superconvergence for
DG solutions and describe procedures to compute asymptotically
correct a posteriori DG error estimates under mesh refinement.

4.1. Superconvergence

In order for the DG solution uh to be Oðhpþ2Þ-superconvergent at
few points in element x, the leading error term shown in Theorem
3.1 has to be zero at these points. This pointwise superconvergence
happens only for special hyperbolic problems as shown in the fol-
lowing theorem:

Theorem 4.1. Under the conditions of Theorem 3.1 we let
�ns

j ; j ¼ 1; � � � ; pþ 1; denote the roots of Rs
pþ1ðnÞ; s ¼ þ;� shifted to

½0;1�. Thus,

1. If z is a unit vector in the union of the spaces
RðAs

1Þ
T
RðAr

2 Þ; s;r ¼ þ;�, then the projection zteðt;xÞ of the
local error onto spanfzg is Oðhpþ2Þ superconvergent at the points
ðt; �xÞ ¼ ðt;h�ns

k;h�nr
l Þ; k; l ¼ 1;2; . . . ; pþ 1; for t ¼ Oð1Þ, i.e.,
zteðt;h�ns
k;h�nr

l Þ ¼ Oðhpþ2Þ: ð4:1Þ
2. Moreover, If ciðaÞ ¼ fx 2 ð0;hÞ
2 : xi ¼ ag;0 6 a 6 h and if

v 2 Pp�1 is a unit vector with respect to the C1 norm, then
for a ¼ h�ns

k; k ¼ 1; . . . ; pþ 1, we have the superconvergence of
the following error averagesZ

1
h ciðh�ns

l
Þ
vtAs

i eds ¼ Oðhpþ2Þ; i ¼ 1;2; s ¼ þ;� ð4:2Þ
andZ

1
h cs

i

vtðAli
i eþ A�li

i e�Þds ¼ Oðhpþ2Þ; i ¼ 1;2; s ¼ þ;�: ð4:3Þ
Proof. We prove (4.1) by assuming that there exists a unit vector
z 2 RðAþi Þ for i ¼ 1 and i ¼ 2, i.e., there exists vi such that
Aþi vi ¼ z; i ¼ 1;2.

Left pre-multiplying (3.33a) by zt and evaluating the resulting
function at the points ðt;h�nþk ;h

�nþl Þ; k; l ¼ 1; . . . ; pþ 1 obtain

zteðt;h�nþk ;h�nþl Þ ¼ hpþ1ðLpþ1ð�nþk Þztc1 � Lpð�nþk Þztd1Þ
þ hpþ1ðLpþ1ð�nþl Þztc2 � Lpð�nþl Þztd2Þ þ Oðhpþ2Þ:

ð4:4Þ

Applying (3.33b) yields

ztdi ¼ vt
i A
þ
i di ¼ vt

i A
þ
i ci ¼ ztci: ð4:5Þ

Combining (4.4) and (4.5) we prove that

zteðt;h�nþk ;h�nþl Þ ¼ Oðhpþ2Þ: ð4:6Þ

Following the same line of reasoning we establish (4.1) for all other
cases.
Let v 2 Pp�1 be a unit vector in ½C1�m norm and apply the
orthogonality of Legendre polynomials and the relations (3.33a) to
obtain

1
h

Z
c1ðh�nþ

k
Þ
vtAþ1 eds ¼ 1

h

Z h

0
vtðh�nþk ;x2ÞAþ1 eðt;h�nþk ;x2Þdx2

¼
Z 1

0
vtðh�nþk ;hn2ÞAþ1 eðt;h�nþk ;hn2Þdn2

¼ hpþ1
Z 1

0
vtAþ1 ðLpþ1ð�nþk Þc1 � Lpð�nþk Þd1

þ Lpþ1ðn2Þc2 � Lpðn2Þd2Þdn2 þOðhpþ2Þ

¼ hpþ1
Z 1

0
vtðLpþ1ð�nþk Þ � Lpð�nþk ÞÞA

þ
1 d1 dn2 þOðhpþ2Þ

¼ Oðhpþ2Þ:

The estimate (4.2) holds on ciðh�n�k Þ; i ¼ 1;2 for A�i .
By virtue of (3.4) we note that on cþ1

e�ðt;xÞ ¼ uBðt; xÞ � p1uBðt;xÞ

¼ hpþ1 Lpþ1
x2

h

� �
c2 þ Lp

x2

h

� �
d2

h i
þ Oðhpþ2Þ: ð4:7Þ

Since 1 and 0, respectively, are shifted roots of Rþpþ1 and R�pþ1, apply-
ing (4.2) we will prove Oðhpþ2Þ superconvergence of the flux for i ¼ 1.

1
h

Z
cþ1

vtðAþ1 eþ A�1 e�Þds

¼ 1
h

Z
cþ1

vtAþ1 edsþ hpþ1
Z

cþ1

vt Lpþ1
x2

h

� �
A�1 c2 þ Lp

x2

h

� �
A�1 d2

h i
ds

" #
þ Oðhpþ2Þ ð4:8Þ

Now, combining (4.8) and (4.2) yields (4.3). We presented the proof
for i ¼ 1 with a ¼ h. Other cases can be treated using the same line
of reasoning and are omitted. h
4.2. A posteriori error estimation

In this section we present an a posteriori error estimation proce-
dure which consists of computing asymptotically exact local and
global error estimates of the DG error. In Theorem 3.1 we showed
that the local discretization error for the DG method on a physical
element x ¼ ð0;hÞ2 can be written as

eðt;hnÞ ¼ uðt;hnÞ � uhðt; hnÞ

¼ hpþ1
X2

j¼1

ðLpþ1ðnjÞcjðtÞ � LpðnjÞdjðtÞÞ þ Oðhpþ2Þ; ð4:9aÞ

where ciðtÞ;diðtÞ; i ¼ 1;2 satisfy

Aþi ciðtÞ � Aþi diðtÞ ¼ 0; A�i ciðtÞ þ A�i diðtÞ ¼ 0; i ¼ 1;2:

ð4:9bÞ

In this manuscript we consider problems where the matrices Ai,
i ¼ 1;2 may be singular and satisfy assumptions of Lemma 3.3.

Let us subtract Eq. (4.9b) and solve for di in terms of ci to write

di ¼ Ayi ðA
þ
i � A�i Þci þ dzi ¼ sgnðAiÞc?i þ dzi : ð4:10aÞ

where Ayi denotes the pseudoinverse of Ai;1 6 i 6 d. Moreover, from
the direct sum Rm ¼NðAiÞ �NðAiÞ? we split ci as

ci ¼ c?i þ czi ; ð4:10bÞ

where czi ; dzi 2NðAiÞ and c?i ; d?i 2NðAiÞ?.
Hence, the leading term of the spatial discretization error (4.9a)

can be split into two parts as
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e ¼ e? þ ez þ Oðhpþ2Þ; ð4:11aÞ

where

e?ðt; hnÞ ¼ hpþ1
X2

j¼1

½Lpþ1ðnjÞI� LpðnjÞsgnðAjÞ�c?j ðtÞ; ð4:11bÞ

ezðt;hnÞ ¼ hpþ1
X2

j¼1

ðLpþ1ðnjÞczj ðtÞ � LpðnjÞdzj ðtÞÞ: ð4:11cÞ

We note that for invertible matrices Ai; i ¼ 1;2; the error compo-
nent ezðt;xÞ ¼ 0.

Next, we develop an a posteriori error estimation procedure for
estimating both e? and ez (if needed). We end the section by prov-
ing that, for smooth solutions, our local error estimates converge to
the true error under mesh refinement. Up to this point we are not
able to prove the asymptotic exactness of our global a posteriori er-
ror estimates. However, computational results for several hyper-
bolic systems shown in Section 5 suggest that our global a
posteriori error estimates are asymptotically exact under mesh
refinement for smooth solutions.

The a posteriori error estimation procedure to compute esti-
mates for e? consists of determining

E?ðt; hnÞ ¼
X2

j¼1

½Lpþ1ðnjÞI� LpðnjÞsgnðAjÞ�c?j ðtÞÞ; c?j 2NðAjÞ?;

ð4:12aÞ

such thatZZ
x

Lp
xi

h

� �
wt½uh;t þ A1ðuh þ E?Þ;x1

þ A2ðuh þ E?Þ;x2
� f�dx

¼ 0; w 2NðAiÞ?; i ¼ 1; 2: ð4:12bÞ

Note that Pi ¼ Ayi Ai is symmetric and projects any vector in Rm into
NðAiÞ?. Therefore, the columns of Pi span NðAiÞ?. Testing against
all columns of Pi, we can replace (4.12b) by the systemZZ

x
Lp

xi

h

� �
Pi½uh;t þ A1ðuh þ E?Þ;x1

þ A2ðuh þ E?Þ;x2
� f�dx

¼ 0; i ¼ 1; 2; ð4:13Þ

which can be reduced toZZ
x

Lp
xi

h

� �
L0pþ1

xi

h

� �
dx Aic

?
i ¼ r?p;i; ð4:14aÞ

where r?p;i is the projection of the residual defined as

r?p;i ¼
ZZ

x
Lp

xi

h

� �
Piðf � uh;t � A1uh;x1

� A2uh;x2
Þdx: ð4:14bÞ

This can be reduced further to obtain

2h Aic
?
i ¼ r?p;i; i ¼ 1;2: ð4:15Þ

Since r?p;i 2NðAiÞ?, we can solve (4.15) to find the unique solution
c?i 2NðAiÞ?,

c?i ¼
1

2h
Ayi r

?
p;i; i ¼ 1;2: ð4:16Þ

Now, we turn to estimating the error component ez lying in the fol-
lowing polynomial space:

Ep ¼ v;vðxÞ ¼
X2

i¼1

Lpþ1
xi

h

� �
ai � Lp

xi

h

� �
bi

� �
; ai;bi 2NðAiÞ

( )
;

ð4:17Þ

which contains nonzero elements only if at least A1 or A2 is singular.
By Lemma 3.1, uB � uh on @x and ðu0 � uhÞð0;xÞ on x satisfy
ðuB � u�h Þðt;hnÞ
¼ hpþ1ðLpþ1ðniÞciðtÞ � LpðniÞdiðtÞÞ þ Oðhpþ2Þ 8 x 2 ci0 ; i ¼ 1;2

ð4:18Þ
ðu0 � uhÞð0; hnÞ

¼
X2

j¼1

hpþ1ðLpþ1ðnjÞcjð0Þ � LpðnjÞdjð0ÞÞ þ Oðhpþ2Þ 8 x 2 x;

ð4:19Þ

where ciðtÞ;diðtÞ; i ¼ 1;2; satisfy

Aþi ciðtÞ � Aþi diðtÞ ¼ 0; A�i ciðtÞ þ A�i diðtÞ ¼ 0; i ¼ 1;2:

ð4:20Þ

Therefore, we can define Ezð0;xÞ on x and E�ðt;xÞ on @x by

Ezð0;xÞ ¼ ezð0; xÞ 8 x 2 x ð4:21aÞ

and

E�ðt;xÞ ¼ hpþ1ðLpþ1ðniÞciðtÞ � LpðniÞdiðtÞÞ 8 x 2 ci0 ; i ¼ 1;2;

ð4:21bÞ
where i0 denotes the dual of i as defined in (3.15).

Now, let us approximate ez by determining

Ezðt;hnÞ ¼
X2

j¼1

Lpþ1ðnjÞczj � LpðnjÞdzj ; ð4:22aÞ

such thatZZ
x
vt½ðuh þ EzÞ;t þ A1uh;x1

þ A2uh;x2
� f�dx

þ
Z
@x

vtðm1A�l1
1 þ m2A�l2

2 Þðu�h þ E� � uh � E? � EzÞds

¼ 0 8 v 2 Ep: ð4:22bÞ

Since ðI� PiÞ projects any vector w 2 Rm into NðAiÞ, the columns of
ðI� PiÞ span NðAiÞ. Hence, the columns of Lpþ1ðniÞðI� PiÞ and
LpðniÞðI� PiÞ span Ep.

Applying the projection ðI� PiÞ to (4.22b) yields the following
system:ZZ

x
Lm

xi

h

� �
ðI� PiÞ½ðuh þ EzÞ;t þ A1uh;x1

þ A2uh;x2
� f�dx

þ
Z
@x

Lm
xi

h

� �
ðI� PiÞðm1A�l1

1 þ m2A�l2
2 Þðu�h þ E� � uh � E? � EzÞds

¼ 0; m ¼ p;pþ 1; i ¼ 1;2: ð4:23Þ

Using ðI� PiÞA
�li
i ¼ 0, (4.23) can be written asZZ

x
Lm

xi

h

� �
ðI� PiÞEz;t dx�

Z
ci0

Lm
xi

h

� �
ðI� PiÞðmi0A

�li0

i0
ÞEz ds ¼ rzm;i;

ð4:24aÞ

where rzm;i is the projection of the residual given by

rzm;i ¼ �
ZZ

x
Lm

xi

h

� �
ðI� PiÞðuh;t þ A1uh;x1 þ A2uh;x2 � fÞdx

�
Z

ci0

Lm
xi

h

� �
ðI� PiÞðmi0A

�li0

i0
Þðu�h þ E� � uh � E?Þds ð4:24bÞ

with i0 denoting the dual of i defined in (3.15).
For m ¼ pþ 1, (4.24a) can be reduced toZZ
x

L2
pþ1

xi

h

� �
dx

d
dt

czi �
Z

ci0

L2
pþ1

xi

h

� �
ðI� PiÞðmi0A

�li0

i0
Þczi ds ¼ rzpþ1;i;

ð4:25Þ
which is equal to

h2 d
dt

czi þ hðI� PiÞðAþi0 � A�i0 Þczi ¼ ð2pþ 3Þrzpþ1;i: ð4:26aÞ
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For m ¼ p, we get similarly

h2 d
dt

dzi þ hðI� PiÞðAþi0 � A�i0 Þd
z

i ¼ ð2pþ 1Þrzp;i ð4:26bÞ

subject to the initial conditions

czi ð0Þ ¼ cið0Þ; dzi ð0Þ ¼ dið0Þ: ð4:26cÞ

We are ready to state and establish the convergence of the local er-
ror estimate for e? and ez.

Theorem 4.2. Under the assumptions of Theorem 3.1 with p P 1, let
us consider the error estimate

E?ðt; hnÞ ¼
X2

j¼1

½Lpþ1ðnjÞ � LpðnjÞsgnðAjÞ�
1

2h
Ayj r

?
p;j; ð4:27Þ

where rp;j; j ¼ 1;2 are defined in (4.14b). Then, at t ¼ Oð1Þ,

e?ðt; xÞ ¼ E?ðt; xÞ þ Oðhpþ2Þ 8 x 2 x: ð4:28Þ

Proof. Since the true solution u satisfies Eq. (2.1), we haveZZ
x

Lp
xi

h

� �
Pi½u;t þ A1u;x1 þ A2u;x2 � f�dx ¼ 0; i ¼ 1;2: ð4:29Þ

Subtracting (4.13) from (4.29) yieldsZZ
x

Lp
xi

h

� �
Pi½e;t þ A1ðe� E?Þ;x1

þ A2ðe� E?Þ;x2
�dx ¼ 0; i ¼ 1;2:

ð4:30Þ

Applying (4.11a) and Aiez;xi
¼ 0; i ¼ 1;2, (4.30) becomesZZ

x
Lp

xi

h

� �
Pi½e;t þA1ðe? � E?Þ;x1

þA2ðe? � E?Þ;x2
�dx ¼ 0; i ¼ 1;2:

ð4:31Þ

Applying the linear transformations t ¼ Ts; T > 0; and x ¼ hn,
(4.31) becomesZZ

D
LpðniÞPi

h
T

ê;s þ A1ðê? � Ê?Þ;n1
þ A2ðê? � Ê?Þ;n2

� �
dn ¼ 0:

ð4:32Þ

where êðs; nÞ ¼ eðsT;hnÞ. By substituting the definitions of e?

(4.11b) and E? (4.12a) into (4.32) we getZZ
D
Pi

hpþ2

T
L2

pðniÞsgnðAiÞĉ;s þ LpðniÞL0pþ1ðniÞAiðhpþ1ĉ?i � ĉ?i Þ
" #

dn

¼ Oðhpþ2Þ;
ð4:33Þ

where we used the orthogonality properties of Legendre polynomi-
als. This can be further simplified to

hpþ2

Tð2pþ 1Þ sgnðAiÞĉ;s þ 2Aiðhpþ1ĉ?i � ĉ?i Þ ¼ Oðhpþ2Þ: ð4:34Þ

Thus, at T ¼ Oð1Þ we have

2Aiðhpþ1c?i � c?i Þ ¼ Oðhpþ2Þ: ð4:35Þ

Since c?i ; c?i 2NðAiÞ?, it follows that:

c?i ðtÞ ¼ c?i ðtÞ þ Oðhpþ2Þ; ð4:36Þ

which establishes (4.28). h

Next, we will state and prove a technical lemma before stating
and proving our last theorem.
Lemma 4.1. Let A1 and A2 be symmetric matrices that satisfy the
assumptions of Lemma 3.3 and q 2 Ep. If q satisfies the orthogonality
condition on the reference elementZZ

D
vt ½A1q;n1

þA2q;n2
�dn�

Z
C
vtðm1A�l1

1 þ m2A�l2
2 Þqds ¼ 0 8 v 2 Ep;

ð4:37Þ

then q ¼ 0.

Proof. First we integrate Eq. (4.37) by parts to write

�
ZZ

D
ðvt

;n1
A1 þ vt

;n2
A2Þqdnþ

Z
C

vtðm1Al1
1 þ m2Al2

2 Þqds ¼ 0: ð4:38Þ

Adding (4.37) and (4.38) and setting v ¼ q, the integral on D van-
ishes because of the symmetry of A1 and A2, and we getZ

C1

qtðAþ1 � A�1 Þqdsþ
Z

C2

qtðAþ2 � A�2 Þqds ¼ 0: ð4:39Þ

Since q 2 Ep, there are ai;bi 2NðAiÞ for i ¼ 1;2, such that

qðnÞ ¼
X2

i¼1

Lpþ1ðniÞai � LpðniÞbi: ð4:40Þ

Combining NðAiÞ ¼NðAþi � A�i Þ; ðA
þ
i � A�i Þai ¼ ðAþi � A�i Þbi ¼ 0 for

i ¼ 1;2, and (4.39) to obtain

1
2pþ 3

at
2ðA

þ
1 � A�1 Þa2 þ

1
2pþ 1

bt
2ðA

þ
1 � A�1 Þb2

þ 1
2pþ 3

at
1ðA

þ
2 � A�2 Þa1 þ

1
2pþ 1

bt
1ðA

þ
2 � A�2 Þb1 ¼ 0: ð4:41Þ

Since ðAþi � A�i Þ is positive semidefinite, there exists a matrix
Li such that Lt

i Li ¼ ðAþi � A�i Þ for i ¼ 1;2 and (4.41) can be
written as

1
2pþ 3

kL1a2k2
2 þ

1
2pþ 1

kL1b2k2
2 þ

1
2pþ 3

kL2a1k2
2

þ 1
2pþ 1

kL2b1k2
2 ¼ 0: ð4:42Þ

This leads to

L1a2 ¼ L1b2 ¼ L2a1 ¼ L2b1 ¼ 0: ð4:43Þ

We premultiply L1a2 and L1b2 by Lt
1 and L2a1 and L2b1 by Lt

2 to
show that

ðAþ1 � A�1 Þa2 ¼ ðAþ1 � A�1 Þb2 ¼ ðAþ2 � A�2 Þa1 ¼ ðAþ2 � A�2 Þb1 ¼ 0:

ð4:44Þ

Combining Lemmas 3.2 and 3.3, which yield NðA1Þ \NðA2Þ ¼ f0g,
the definition of Ep and NðAiÞ ¼NðAþi � A�i Þ to infer that
a2 ¼ b2 ¼ 0 and a1 ¼ b1 ¼ 0. Thus, we establish Lemma 4.1. h

Now, we state and prove the convergence of the error estimate
Ez to ez under mesh refinement.

Theorem 4.3. Under the assumptions of Theorem 3.1 with p P 1 we
let

Ezðt;hnÞ ¼
X2

j¼1

ðLpþ1ðnjÞczj ðtÞ � LpðnjÞdzj ðtÞÞ; ð4:45Þ

where czi ; d
z

i ; i ¼ 1; 2 are solutions of (4.26a) and (4.24b).Then, at
t ¼ Oð1Þ,

ezðt;xÞ ¼ Ezðt;xÞ þ Oðhpþ2Þ 8 x 2 x: ð4:46Þ

Proof. Since the true solution u is continuous and u ¼ u� on @x;u
satisfies
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ZZ
x
vt ½u;t þ A1u;x1 þ A2u;x2 � f�dx

þ
Z
@x

vtðm1A�l1
1 þ m2A�l2

2 Þðu� � uÞds ¼ 0 8 v 2 Ep: ð4:47Þ

Subtracting (4.22b) from (4.47) givesZZ
x
vt ½ðe� EzÞ;t þ A1e;x1 þ A2e;x2 �dx

þ
Z
@x

vtðm1A�l1
1 þ m2A�l2

2 Þðe� � E� � eþ E? þ EzÞds ¼ 0: ð4:48Þ

Using the definition of E? and Ez and the properties of Legendre
polynomials one can easily check that the following holdsZZ

x
vt ½E?;t þ A1ðE? þ EzÞ;x1

þ A2ðE? þ EzÞ;x2
�dx ¼ 0 8 v 2 Ep:

ð4:49Þ

Subtracting (4.49) from (4.48) gives for � ¼ e� E? � Ez and
�� ¼ e� � E�ZZ

x
vt ½�;t þA1�;x1 þA2�;x2 �dxþ

Z
@x

vtðm1A�l1
1 þ m2A�l2

2 Þð�� � �Þds ¼ 0:

ð4:50Þ

Applying the linear transformations t ¼ Ts; T > 0, and x ¼ hn,
(4.50) becomesZ Z

D
vt h

T
�;sþA1�;n1þA2�;n2

� �
dnþ

Z
C
vtðm1A�l1

1 þm2A�l2
2 Þð����Þds¼0:

ð4:51Þ

The MacLaurin series of � with respect to h is

�ðs; nÞ ¼
Xpþ1

k¼0

hkqkðs; nÞ þ Oðhpþ2Þ: ð4:52Þ

Since e? � E? ¼ Oðhpþ2Þ;qk 2 Ep, for k < pþ 2.
Substituting ��ðs; nÞ ¼ Oðhpþ2Þ from the definition of E� (4.21b)

and (4.52) into (4.50) yields

Xpþ1

k¼0

hk
ZZ

D
vt h

T
qk;s þ A1qk;n1

þ A2qk;n2

� �
dn

�
�
Z

C
vtðm1A�l1

1 þ m2A�l2
2 Þqk ds

	
¼ Oðhpþ2Þ; ð4:53Þ

which infers that all terms of the same power in h are zero.
For instance, the Oð1Þ term leads to the orthogonality condition

for q0Z Z
D
vt½A1q0;n1

þA2q0;n2
�dn�

Z
C
vtðm1A�l1

1 þm2A�l2
2 Þq0 ds¼0 8 v 2Ep:

ð4:54Þ

By Lemma 4.1, q0 ¼ 0.
Using induction to prove the lemma and assume that

ql ¼ 0; l ¼ 0; . . . ; k� 1; and apply the OðhkÞ term to obtain the
orthogonality conditionZZ

D
vt ½A1qk;n1

þ A2qk;n2
�dn�

Z
C

vtðm1A�l1
1 þ m2A�l2

2 Þqk ds

¼ 0 8 v 2 Ep: ð4:55Þ

Again, by Lemma 4.1, qk ¼ 0.
Hence, qk ¼ 0; k ¼ 0; � � � ; pþ 1; i.e.,

�ðs; nÞ ¼ Oðhpþ2Þ; ð4:56Þ

which completes the proof. h
We conclude this section by noting that the transient estimate
Ezðt; xÞ 2NðA1Þ �NðA2Þ, hence, the stationary error estimate
E?ðt;xÞ is accurate only for the error component lying in
ðNðA1Þ �NðA2ÞÞ?.

4.3. Extension to three dimensions

Our error analysis can be extended to three-dimensional sys-
tems following the same line of reasoning. For instance, Lemmas
3.2 and 3.3 can be extended to three dimensions by considering
Ai; i ¼ 1;2;3 such that either at least one matrix is invertible or
if Ai has rank r < m then one of the matrices Pt

i;2AjPi;2; j – i is
invertible.

For smooth solutions the leading DG error term for three-
dimensional problems (2.1) with d ¼ 3 can be written as

e ¼ e? þ ez þ Oðhpþ2Þ; ð4:57aÞ

where

e?ðt;hnÞ ¼ hpþ1
X3

j¼1

½Lpþ1ðnjÞI� LpðnjÞsgnðAjÞ�c?j ðtÞ; ð4:57bÞ

ezðt;hnÞ ¼ hpþ1
X3

j¼1

ðLpþ1ðnjÞczj ðtÞ � LpðnjÞd
z

j ðtÞÞ: ð4:57cÞ

The superconvergence result for every unit vector z 2 RðAs1
1 Þ\

RðAs2
2 Þ \RðAs3

3 Þ; si ¼ þ;�, can be written as

zteðt;h�ns1
i ; h�ns1

j ;h�ns3
k Þ ¼ Oðhpþ2Þ; t ¼ Oð1Þ: ð4:58Þ

The three-dimensional stationary error estimate E? is computed
from (4.12a) and (4.16) for i ¼ 1;2;3, while Ez is computed from
(4.22a) and (4.26a) for i ¼ 1;2;3.

Again, we note that Ezðt;xÞ 2 �
3

i¼1
NðAiÞ. Thus, E? should be an

accurate estimate of the error component lying in ð�
3

i¼1
NðAiÞÞ?.

5. Computational examples

We validate our theory on one-, two-, and three-dimensional
linear symmetric hyperbolic systems. The accuracy of a posteriori
error estimates is measured by the local effectivity indices

he ¼
kEkL2ðxeÞ

kekL2ðxeÞ
ð5:1Þ

and the global effectivity index with respect to the L2 norm

h ¼ kEkkek : ð5:2Þ

The componentwise effectivity indices are defined as

h� ¼ kE1k
ke1k

; . . . ;
kEmk
kemk

� �t

: ð5:3Þ

We also need the componentwise L2 error

kek� ¼ ½ke1k; . . . ; kemk�t; ð5:4Þ

where E ¼ ½E1; . . . ; Em�t and e ¼ ½e1; . . . ; em�t .
Ideally, the effectivity indices should approach unity under

mesh refinement.

5.1. Examples for superconvergence

We start with a set of examples to validate our superconver-
gence results of Theorem 3.1, then, we apply our error estimation
procedure to several problems to show that computations and the-
ory are in full agreement. In this manuscript we studied the spatial
component of the DG discretization error only and in all our
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numerical computations we 4(5)-Runge–Kutta–Fehlberg method
and assumed the temporal component of the error negligible. We
use the L2 projection Pu0 to approximate the initial conditions
and p1; p2 to approximate the boundary conditions.

Example 5.1.1. We consider the linearized one-dimensional Euler
equations with proper time and space scalings

p

u

� �
;t

þ A
p

u

� �
;x

¼ 0; x 2 ð0;1Þ; 0 < t 6 1; A ¼
0 1
1 0

� �
ð5:5aÞ

and select the initial and boundary conditions such that the exact
solution is

p

u

� �
¼

sinðtÞ cosðx� 1Þ
� cosðtÞ sinðx� 1Þ

� �
; ð5:5bÞ

where u and p, respectively, denote the velocity and pressure. Basic

linear algebra yields that z1 ¼
1
1

� �
2 RðAþÞ; z2 ¼

1
�1

� �
2 RðA�Þ.

Thus, applying Theorem 4.1 leads to

zt
1eðt; nðxÞÞ ¼ hpþ1ðLpþ1ðnÞ � LpðnÞÞcðtÞ þ Oðhpþ2Þ; ð5:6Þ

zt
2eðt; nðxÞÞ ¼ hpþ1ðLpþ1ðnÞ þ LpðnÞÞdðtÞ þ Oðhpþ2Þ: ð5:7Þ

Therefore, on each element in the mesh zt
1e; zt

2e, respectively, is
Oðhpþ2Þ superconvergent at the shifted roots of right Radau polyno-
mial Rþpþ1ðxÞ and left Radau polynomial R�pþ1ðxÞ.

We first solve (5.5a) on a uniform mesh having N ¼ 6 elements
for p ¼ 0;1;2;3 and plot the projected true errors zt

i e; i ¼ 1;2; at
t ¼ 1 versus x in Fig. 2. We observe that the error plots for p P 1
intersect the x-axis very close to Radau points marked by �.

In order to show the Oðhpþ2Þ superconvergence rates under
mesh refinement, we solve (5.5a) on uniform meshes having
N ¼ 10;20;30;40 elements for p ¼ 0;1;2;3 and show maximum
errors jzt

1ej and jz2ej at Radau points and their rates of convergence
Fig. 2. Projected errors 1ffiffi
2
p ½1;1�e; 1ffiffi

2
p ½1;�1�e versus x for Example 5.1.1 at t ¼ 1
in Table 1. We observe that the maximum projected errors at
Radau points are Oðhpþ2Þ superconvergent while the L2 error is only
Oðhpþ1Þ. (see Table 2)

Example 5.1.2. Let us consider the two-dimensional hyperbolic
system

u;t þ A1u;x þ A2u;y ¼ fðt; x; yÞ; ðx; yÞ 2 ð0;1Þ2; 0 < t 6 1;

ð5:8aÞ

where

A1 ¼
2 0 1
0 0 0
1 0 2

264
375; A2 ¼

�5 1 0
1 �5 0
0 0 2

264
375 ð5:8bÞ

and select fðt; x; yÞ, initial and boundary conditions such that the
true solution is

u ¼
expðt � x� yÞ

expð�t þ x� yÞ
expð�t � xþ yÞ

264
375: ð5:8cÞ

Basic linear algebra yields that 0 1 0½ �t; 1 0 �1½ �t;
1 0 �1½ �t are eigenvectors of A1 corresponding to eigenvalues

0, 1, and 3, respectively. On the other-hand, the vectors
1;1;0½ �t; 1 �1 0½ �t , and 0 0 1½ �t are eigenvectors of A2 corre-

sponding to eigenvalues �6;�4, and 2, respectively.
We further note that RðAþ1 Þ ¼ spanfe1; e3g;RðA�1 Þ ¼

f0g;RðAþ2 Þ ¼ spanfe3g and RðA�2 Þ ¼ spanfe1; e2g, where fei; i ¼
1;2;3g is the canonical basis of R3 which leads to

RðAþ1 Þ \RðAþ2 Þ ¼ spanfe3g; ð5:9Þ
RðAþ1 Þ \RðA�2 Þ ¼ spanfe1g: ð5:10Þ

Applying Theorem 4.1 we expect Oðhpþ2Þ pointwise superconver-
gence of the error projections e1 ¼ et

1e, and e3 ¼ et
3e, i.e., the first
. Shifted right Radau (left) and left Radau (right) points are marked by �.



Table 1
Maximum projected errors j½1;1� � ej at left Radau points and j½1;�1� � ej at right Radau points and their order of convergence for Example 5.1.1 for t ¼ 1.

N p ¼ 0 p ¼ 1 p ¼ 2 p ¼ 3

Ep Order Ep Order Ep Order Ep Order

Maximum error Ep ¼ j½1;1�ej at right Radau points
10 3:560e� 2 – 2:149e� 5 – 1:124e� 7 – 2:546e� 10 –
20 1:882e� 2 0.9192 2:854e� 6 2.9128 7:043e� 9 3.9961 8:175e� 12 4.9610
30 1:286e� 2 0.9404 8:621e� 7 2.9524 1:392e� 9 3.9979 1:084e� 12 4.9841
40 9:773e� 3 0.9529 3:694e� 7 2.9455 4:407e� 10 3.9987 2:565e� 13 5.0092

Maximum error Ep ¼ j½1;�1�ej at left Radau points
10 3:560e� 2 – 2:149e� 5 – 1:124e� 7 – 2:546e� 10 –
20 1:882e� 2 0.9192 2:854e� 6 2.9128 7:043e� 9 3.9961 8:175e� 12 4.9610
30 1:286e� 2 0.9404 8:621e� 7 2.9524 1:392e� 9 3.9979 1:084e� 12 4.9841
40 9:773e� 3 0.9529 3:694e� 7 2.9455 4:407e� 10 3.9987 2:565e� 13 5.0092

Table 2
Maximum errors for je1j at shifted Radau points ðnþi ; n

þ
j Þ and je3j at shifted Radau points ðnþi ; n

�
j Þ and t ¼ 1 for Example 5.1.2.

N p ¼ 0 p ¼ 1 p ¼ 2 p ¼ 3

E Order E Order E Order E Order

Maximum error je1j at Radau points
52 0.1260 – 1:054e� 3 – 1:704e� 5 – 5:682e� 7 –
102 6:899e� 2 0.8688 1:622e� 4 2.6997 1:149e� 6 3.8901 2:156e� 8 4.7198
152 4:790e� 2 0.8999 5:128e� 5 2.8407 2:321e� 7 3.9456 3:036e� 9 4.8355
202 3:678e� 2 0.9186 2:272e� 5 2.8303 7:415e� 8 3.9661 7:450e� 10 4.8833
252 2:973e� 2 0.9525 1:199e� 5 2.8638 3:055e� 8 3.9731 2:491e� 10 4.9084

Maximum error je3j at Radau points
52 0.1260 – 1:054e� 3 – 1:704e� 5 – 5:682e� 7 –
102 6:899e� 2 0.8688 1:622e� 4 2.6997 1:149e� 6 3.8901 2:156e� 8 4.7198
152 4:790e� 2 0.8999 5:128e� 5 2.8407 2:321e� 7 3.9456 3:036e� 9 4.8355
202 3:678e� 2 0.9186 2:272e� 5 2.8303 7:415e� 8 3.9661 7:450e� 10 4.8833
252 2:973e� 2 0.9525 1:199e� 5 2.8638 3:055e� 8 3.9731 2:491e� 10 4.9084
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and third components of e are Oðhpþ2Þ superconvergent at Radau
points.

We solve (5.8a) on a 4� 4 uniform mesh for p ¼ 1;2;3 and plot
the zero-level curves of the first and third components of the error
in Fig. 3. We observe that the zero-level curves pass near shifted
Radau points marked by �.

In order to show superconvergence rates we solve (5.8a) on
uniform square meshes having N ¼ 52;102;152;202;252 elements
with p ¼ 1;2;3 and present the maximum errors of je1j and je3j at
shifted Radau points over all elements and their order of conver-
gence under mesh refinement. We observe Oðhpþ2Þ superconver-
gence rates which is in full agreement with Theorem 4.1.

Example 5.1.3. Let us consider the three-dimensional system

u;t þ A1u;x þ A2u;y þ A3u;z ¼ fðt; x; y; zÞ;
ðx; y; zÞt 2 ð0;1Þ3; 0 < t 6 1; ð5:11aÞ

where

A1 ¼
2 �1 �1
�1 1 1
�1 1 2

264
375; A2 ¼

�1 1 2
1 2 1
2 1 3

264
375;

A3 ¼
�1 0 2
0 �1 0
2 0 �1

264
375 ð5:11bÞ

and select fðt; x; y; zÞ, the initial and boundary conditions such that
the true solution is

u ¼
expðt þ x� y� zÞ
expðt � xþ y� zÞ
expðt � x� yþ zÞ

264
375: ð5:11cÞ
Basic linear algebra leads to the following results:

RðAþ1 Þ ¼ R3;RðA�1 Þ ¼ f0g; ð5:12Þ
RðA�2 Þ ¼ spanfz1g;RðAþ2 Þ ¼ RðA�2 Þ

?
;

z1 ¼
�0:9260656482554513
0:1480943063089058
0:3470885932439939

264
375 ð5:13Þ

and

RðAþ3 Þ ¼ spanfz2g;RðA�3 Þ ¼ RðAþ3 Þ
?
; z2 ¼ ½1; 0;1�t: ð5:14Þ

The spaces RðA�2 Þ and RðAþ3 Þ are two planes whose intersection is
the line defined as spanfzg, where

z ¼ z1 � z2

kz1 � z2k2

¼
0:1147781473323876
0:9867380370644933
�0:1147781473323876

264
375 2 RðAþ1 Þ \RðAþ2 Þ \RðA�3 Þ:

ð5:15Þ

Applying the superconvergence result (4.58) we show that zte is
Oðhpþ2Þ at the shifted Radau points ðnþi ; n

þ
j ; n

�
k Þ. Next, we solve

(5.11a) on uniform meshes having 43;63;83;103 square elements
and p ¼ 0;1;2;3 and present in Table 3 the maximum errors jztej
at shifted Radau points over all elements. These results validate
the superconvergence theory of Theorem 4.1.
5.2. Examples for a posteriori error estimation

Here, we solve several examples to validate our a posteriori er-
ror estimation procedure where we use pi; i ¼ 1;2 to approximate



Fig. 3. Zero-level curves of e1, e3 at t ¼ 1 for Example 5.1.2. Shifted Radau points are
marked by �.
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the boundary conditions and both L2 projection Pu0 and pu0 to
approximate the initial conditions.

Example 5.2.1. We solve the one-dimensional Euler system (5.5a)
on uniform meshes have N ¼ 50;75;100 for 0 < t 6 1 with
p ¼ 0;1;2;3 and compute a posteriori error estimates E? by
solving the stationary problem (4.12a) and (4.13). We present
Table 3
Maximum errors jztej; z given by (5.15), at shifted Radau points ðnþi ; n

þ
j ; n

�
k Þ and t ¼ 1 over

N p ¼ 0 p ¼ 1

jztej Order jztej Order

43 0.1320 – 1:566e� 2 –
63 0.1067 0.5253 5:259e� 3 2.6904
83 8:419e� 2 0.8225 2:287e� 3 2.8948
103 7:472e� 2 0.5350 1:256e� 3 2.6839

Table 4
L2 errors kek; ke� E?k, their rates of convergence with maximum and minimum local effe

p N kek Order ke�

0 50 9:175e� 03 – 3:71
75 6:187e� 03 0.972 2:51
100 4:671e� 03 0.977 1:90

1 50 1:875e� 05 – 2:16
75 8:338e� 06 1.999 7:08
100 4:691e� 06 1.999 3:22

2 50 2:488e� 08 – 1:16
75 7:369e� 09 3.001 2:40
100 3:108e� 09 3.001 7:88

3 50 3:699e� 11 – 7:06
75 7:309e� 12 3.999 9:71
100 2:313e� 12 3.999 3:92
the L2 errors and effectivity indices at t ¼ 1 in Table 4 using Pu0.
These results indicate that the stationary error estimates E? are
accurate estimates of e for p > 1 which is in full agreement with
the theory.

In Fig. 4 we plot the effectivity indices versus time for
N ¼ 100;200;300 and p ¼ 1;2;3 using Pu0 (solid) and pu0 (dot-
ted). We observe that the effectivity indices for Pu0 slightly
oscillate about unity and then get closer to unity with increasing
time t > OðhÞ. On the other-hand, the global effectivity indices for
pu0 stay close to unity at all times. Thus, we recommend the use of
pu0.

Example 5.2.2. Let us consider the two-dimensional wave
equation

@2v
@t2 ¼

@2v
@x2 þ

@2v
@y2 ; ðx; yÞ 2 ð0;1Þ2; 0 < t 6 1; ð5:16Þ

which can be written as the first-order linear hyperbolic system

u;t þ A1u;x þ A2u;y ¼ 0; ðx; yÞ 2 ð0;1Þ2; 0 < t 6 1; ð5:17aÞ

where

u ¼
v ;t þ v ;x

v ;y

� �
; A1 ¼

�1 0
0 1

� �
; A2 ¼

0 �1
�1 0

� �
ð5:17bÞ

and select initial and boundary conditions such that the true solu-
tion is

u¼
sin

ffiffiffi
2
p

tþ xþ y
� �

� cos �
ffiffiffi
2
p

tþ xþ y
� �

ffiffiffi
2
p
�1

� �
sin

ffiffiffi
2
p

tþ xþy
� �

þ 1þ
ffiffiffi
2
p� �

cos �
ffiffiffi
2
p

tþ xþ y
� �

Þ

264
375:

ð5:17cÞ

We solve (5.17a) on uniform meshes having N ¼ 102;202;302 ele-
ments for p ¼ 0;1;2;3 using Pu0 and present the L2 errors and
effectivity indices corresponding to the stationary error estimates
E? at t ¼ 1 in Table 5. We observe that the effectivity indices con-
verge to unity under mesh refinement. Furthermore, we plot the
effectivity indices versus time in Fig. 5 to note that the stationary
all elements for Example 5.1.3.

p ¼ 2 p ¼ 3

jztej Order jztej Order

6:086e� 4 – 5:147e� 5 –
1:403e� 4 3.6189 7:646e� 6 4.7030
4:808e� 5 3.7223 1:929e� 6 4.7878
2:066e� 5 3.7863 6:568e� 7 4.8271

ctivity indices and global effectivity indices for E? at t ¼ 1 for Euler equations (5.5a).

E?k Order ½minehe;maxehe� h

3e� 03 – [0.343,1.878] 0.7945
8e� 03 0.958 [0.335,1.900] 0.7877
7e� 03 0.967 [0.331,1.914] 0.7836

1e� 07 – [0.992,1.001] 0.9997
4e� 08 2.750 [0.993,1.001] 0.9998
9e� 08 2.731 [0.994,1.001] 0.9999

0e� 10 – [0.997,1.001] 0.9999
1e� 11 3.885 [0.998,1.001] 1.0000
2e� 12 3.872 [0.998,1.001] 1.0000

6e� 14 – [0.999,1.001] 1.0000
2e� 15 4.894 [0.999,1.000] 0.9999
5e� 15 3.149 [0.999,1.000] 0.9998
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Fig. 4. Global effectivity indices versus t over the interval 0; 10
h

� 
for N ¼ 100;200;300; p ¼ 1;2;3 using pu0 (dotted) and Pu0 (solid) for Euler equations (5.5a).

Table 5
L2 errors kek; ke� E?k and their order of convergence. Maximum, minimum local and global effectivity indices for problem (5.17a) at t ¼ 1 using Pu0.

p N kek Order ke� E?k Order ½minehe;maxehe� h

0 102 1:380e� 01 – 1:073e� 01 – [0.180,2.872] 0.780
202 7:322e� 02 0.914 5:760e� 02 0.898 [0.165,3.375] 0.771
302 4:997e� 02 0.942 3:957e� 02 0.925 [0.157,3.490] 0.766

1 102 2:062e� 03 – 1:039e� 04 – [0.966,1.007] 0.994
202 5:119e� 04 2.010 1:478e� 05 2.813 [0.980,1.005] 0.998
302 2:270e� 04 2.006 4:772e� 06 2.789 [0.986,1.004] 0.999

2 102 1:059e� 05 – 9:583e� 07 – [0.966,1.015] 1.002
202 1:331e� 06 2.992 6:093e� 08 3.975 [0.985,1.009] 1.002
302 3:953e� 07 2.995 1:211e� 08 3.984 [0.991,1.006] 1.001

3 102 1:008e� 07 – 4:781e� 09 – [0.978,1.006] 0.999
202 6:282e� 09 4.004 1:512e� 10 4.982 [0.992,1.003] 1.000
302 1:240e� 09 4.002 2:000e� 11 4.989 [0.996,1.002] 1.000
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error estimate E? is asymptotically accurate which is in full agree-
ment with Theorem 4.2. We further note that the effectivity indices
stay close to unity at all times when using pu0. For Pu0 the effec-
tivity indices oscillates about unity near t ¼ 0 before approaching
unity.

Example 5.2.3. Let us consider three-dimensional wave equation

@2v
@t2 ¼

@2v
@x2 þ

@2v
@y2 þ

@2v
@z2 ; ðx; y; zÞ 2 ð0:1Þ3; 0 < t 6 1; ð5:18Þ

which can be written as the first-order linear hyperbolic system

u;t þ A1u;x þ A2u;y þ A3u;z ¼ 0; ðx; y; zÞ 2 ð0;1Þ3; 0 < t 6 1;

ð5:19aÞ
where

u ¼
v ;t þ v ;x

v ;y

v ;z

264
375; A1 ¼

�1 0 0
0 1 0
0 0 1

264
375; A2 ¼

0 �1 0
�1 0 0
0 0 0

264
375;

A3 ¼
0 0 �1
0 0 0
�1 0 0

264
375; ð5:19bÞ

and select initial and boundary conditions such that the true solu-
tion is

u ¼ 2;
ffiffiffi
3
p
� 1

� �
;

ffiffiffi
3
p
� 1

� �h it
sin

ffiffiffi
3
p

t þ xþ yþ z
� �

: ð5:19cÞ



0 0.5 1
0.7

0.8

0.9

1

1.1
n=102, p=1

t

θ(
t)

0 0.5 1
0.7

0.8

0.9

1

1.1
n=102, p=2

t

θ(
t)

0 0.5 1
0.7

0.8

0.9

1

1.1
n=102, p=3

t

θ(
t)

0 0.2 0.4
0.7

0.8

0.9

1

1.1
n=202, p=1

t

θ(
t)

0 0.2 0.4
0.7

0.8

0.9

1

1.1
n=202, p=2

t

θ(
t)

0 0.2 0.4
0.7

0.8

0.9

1

1.1
n=202, p=3

t

θ(
t)

0 0.1 0.2 0.3
0.7

0.8

0.9

1

1.1
n=302, p=1

t

θ(
t)

0 0.1 0.2 0.3
0.7

0.8

0.9

1

1.1
n=302, p=2

t

θ(
t)

0 0.1 0.2 0.3
0.7

0.8

0.9

1

1.1
n=302, p=3

t
θ(

t)

Fig. 5. Global effectivity indices versus 0 6 t 6 10
h using pu0 (dotted) and Pu0 (solid) for problem (5.17a).

Table 6
L2 errors kek; ke� E? � Ezk and their order of convergence. Global effectivity indices corresponding to transient estimates for problem (5.19a) at t ¼ 1 using Pu0.

p N kek Order ke� E? � Ezk Order h

1 103 1:0690e� 3 – 1:7744e� 4 – 0.9897
153 4:7450e� 4 2.003 5:4945e� 5 2.891 0.9949
203 2:6690e� 4 2 2:4042e� 5 2.873 0.9969
303 1:1867e� 4 1.999 7:5900e� 6 2.844 0.9985

2 103 1:6675e� 5 – 1:0085e� 6 – 0.998
153 4:9355e� 6 3.003 2:0831e� 7 3.89 0.9988
203 2:0813e� 6 3.001 6:8713e� 8 3.855 0.9992
303 6:1650e� 7 3.001 1:4723e� 8 3.799 0.9994

3 103 5:9039e� 8 – 2:7592e� 8 – 0.8923
153 1:0998e� 8 4.145 3:6731e� 9 4.973 0.9463
203 3:4026e� 9 4.078 8:7744e� 10 4.977 0.9684
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While the matrix A1 is invertible and admits the eigenvalues
f�1;1;1g, both A2;A3 are singular and admit the eigenvalues
f�1;0;1g. Moreover, the eigenvectors vectors ½0;0;1�t and ½0;1;0�t

are associated with the zero eigenvalue for A2 and A3, respectively.
Applying our theory, the stationary error estimate E? can only accu-
rately estimate the component of error lying in ðNðA1Þ�
NðA2Þ �NðA3ÞÞ? ¼ spanf½1;0;0�tg, i.e., only E?1 is an accurate esti-
mate of e1.

In order to validate our theory we solve (5.19a) on uniform
meshes having N ¼ 103;153;203;303 elements with p ¼ 1;2;3 and
show the stationary error estimates at t ¼ 1 in Table 7. These
results confirm our theory, i.e., only E?1 is an accurate estimate of
e1. On the other-hand we observe that the transient error estimates
E? þ Ez shown in Table 6 are accurate for all components of e and
converge to the true error with mesh refinement.
Finally, we plot the global effectivity indices versus time in
Fig. 6 where we observe that the global effectivity indices for the
transient a posteriori error estimate E? þ Ez oscillates near t ¼ 0
before approaching unity with increasing time for Pu0. However,
effectivity indices stay close to unity at all times when using pu0.
6. Conclusion

We investigated the superconvergence properties of the DG
method applied to symmetric linear hyperbolic systems. We estab-
lished pointwise and averaged superconvergence results. We
explicitly write the leading term of the DG finite element error
on each element and constructed asymptotically exact a posteriori
error estimate under mesh refinement. In the near future we plan



Table 7
Componentwise L2 errors kek�; ke� E?k� at t ¼ 1, their order of convergence and global effectivity indices h� corresponding to stationary estimate for problem (5.19a) using Pu0.

p N kek� Order ke� E?k� Order h�

1 103 7:7279e� 4
5:2229e� 4
5:2229e� 4

24 35 – 1:4936e� 4
1:7895e� 4
1:7895e� 4

24 35 – 0:9854
0:9414
0:9414

24 35

153
3:4175e� 4
2:3277e� 4
2:3277e� 4

24 35 2:0124
1:9932
1:9932

24 35 4:5616e� 5
7:7992e� 5
7:7992e� 5

24 35 2:9253
2:0483
2:0483

24 35 0:9930
0:9430
0:9430

24 35
203

1:9191e� 4
1:3116e� 4
1:3116e� 4

24 35 2:0058
1:9939
1:9939

24 35 1:9691e� 5
4:3639e� 5
4:3639e� 5

24 35 2:9202
2:0184
2:0184

24 35 0:9958
0:9435
0:9435

24 35
303

8:5201e� 5
5:8411e� 5
5:8411e� 5

24 35 2:0027
1:9951
1:9951

24 35 6:0422e� 6
1:9367e� 5
1:9367e� 5

24 35 2:9137
2:0036
2:0036

24 35 0:9980
0:9436
0:9436

24 35

2 103
1:2286e� 5
7:9715e� 6
7:9715e� 6

24 35 –
7:6622e� 7
2:2178e� 6
2:2178e� 6

24 35 –
0:9987
0:9599
0:9599

24 35
153

3:6364e� 6
2:3596e� 6
2:3596e� 6

24 35 3:0027
3:0024
3:0024

24 35 1:5291e� 7
6:5430e� 7
6:5430e� 7

24 35 3:9747
3:0106
3:0106

24 35 0:9993
0:9604
0:9604

24 35
203

1:5335e� 6
9:9509e� 7
9:9509e� 7

24 35 3:0014
3:0013
3:0013

24 35 4:8655e� 8
2:7577e� 7
2:7577e� 7

24 35 3:9804
3:0034
3:0034

24 35 0:9995
0:9606
0:9606

24 35
303

4:5422e� 7
2:9475e� 7
2:9475e� 7

24 35 3:0008
3:0008
3:0008

24 35 9:6651e� 9
8:1706e� 8
8:1706e� 8

24 35 3:9861
3:0001
3:0001

24 35 0:9997
0:9607
0:9607

24 35
3 103

4:3963e� 8
2:7864e� 8
2:7864e� 8

24 35 –
2:1158e� 8
1:5094e� 8
1:5094e� 8

24 35 –
0:8856
0:8500
0:8500

24 35
153

8:1367e� 9
5:2316e� 9
5:2316e� 9

24 35 4:1606
4:1252
4:1252

24 35 2:7924e� 9
2:3889e� 9
2:3889e� 9

24 35 4:9945
4:5465
4:5465

24 35 0:9441
0:8943
0:8943

24 35
203

2:5112e� 9
1:6234e� 9
1:6234e� 9

24 35 4:0865
4:0676
4:0676

24 35 6:6341e� 10
6:7499e� 10
6:7499e� 10

24 35 4:9960
4:3934
4:3934

24 35 0:9678
0:9123
0:9123

24 35
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Fig. 6. Global effectivity indices versus time using pu0 (dotted) and Pu0 (solid) for problem (5.19a).
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to extended these results to the more general linear and nonlinear
hyperbolic systems. We also plan to investigate the extension of
the work of Adjerid and Baccouch [2,3] on triangular meshes to
hyperbolic systems. Currently, we are investigating the behavior
of DG errors when other numerical fluxes such Lax-Friedrichs are
used and we will report our findings in a forthcoming paper. Since
our theory does not hold near singularities, in the future we will
apply our techniques to solve linear and nonlinear problems with
discontinuous solutions and test the scope of applicability of our
results.
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